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1. INTRODUCTION
In this paper, we study the Cauchy problem for one dimensional gas
dynamics systems in Lagrangian coordinates
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with initial data
u x , 0 s u x , ¨ x , 0 s ¨ x , s x , 0 s s x , x g R, .  .  .  .  .  .0 0
1.2a .
or with initial boundary data
u x , 0 s u x , ¨ x , 0 s ¨ x , s x , 0 s s x , x G 0, .  .  .  .  .  .0 0 0
u 0, t s u t , ¨ 0, t s ¨ t , t G 0, 1.2b .  .  .  .  .1 1
 .  .  .  .where u x, t , ¨ x, t , p x, t , and s x, t are the velocity, specific volume,
pressure, and entropy of the gas, respectively.
It is well known that a distinguished character for a non-linear hyper-
bolic equation is that, in general, solutions may break down after a finite
w xtime, no matter how smooth and small the initial data are, cf. 3]5 . A
problem naturally arises: What conditions on the initial data can guaran-
tee that there are global bounded solutions which will never break down?
 .  .For the isentropic gas, i.e., s x ' constant, the system 1.1 is reduced
wto a 2 = 2 system, and the above problem is well understood, cf. 1, 2, 6]8,
x  .10 . For the nonisentropic gas, i.e., s x k constant, simple waves are
w xtrivial solutions of this problem. In 9 , the authors glued three i-simple
waves, i s 1, 2, 3, together to form global bounded continuous solutions,
w xwhich can be seen as less trivial solutions. In 1 , the author gave non-triv-
 .ial solutions of the above problem, but those initial velocities u x must0
be unbounded. This condition is too restrictive to have a good physical
explanation. In this paper, we give some global bounded continuous
 .  . ygsolutions for the polytropic gas p ¨ , s s K exp srC ¨ , g ) 1. We un-
derstand these are primary results only. We expect that better results can
be obtained by using this framework.
2. BASIC ESTIMATES FOR PIECEWISE SMOOTH
SOLUTIONS
 .  .  .Since s x, t ' s x , the system 1.1 can be written as
u q p ¨ , s s 0, . xt
2.1 .
¨ y u s 0,t x
 .  . ygwhere p ¨ , s s k exp srC ¨ . By straight calculation, the eigenvalues of
 .2.1 are
s
ygq1.r2’yl s m s yp s kg exp ¨ . 2.2 .’ ¨  /2C
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 .And 2.1 can be written as
u q yp ¨ y yp u q yp ¨ q p s s 0,’ ’ ’ /  /t ¨ t ¨ x ¨ x s x
2.3 .
u y yp ¨ q yp u y yp ¨ q p s s 0.’ ’ ’ /  /t ¨ t ¨ x ¨ x s x
Now we let
z s u y F ¨ , s , and w s u q F ¨ , s , 2.4 .  .  .
where
’` 2 kg s
ygy1.r2F ¨ , s s yp y , s dy s exp ¨ . 2.5’ .  .  .H ¨  /g y 1 2C¨
 .  .  .Using 2.4 and 2.5 , 2.3 can be rewritten in the form as
z9 s Am w y z s , . x
2.6 .
w) s Am w y z s , . x
 .  .where 9 s ­r­ t q l ­r­ x , ) s ­r­ t q m ­r­ x , A s 1r4Cg .
 .Accordingly, we denote the initial data for 2.6 by
z x , 0 s z x , w x , 0 s w x , x g R, 2.7a .  .  .  .  .0 0
and the initial and boundary data by
z x , 0 s z x , w x , 0 s w x , x G 0, .  .  .  .0 0
2.7b .
w 0, t s w t , t G 0, .  .1
 .   .  ..  .   .  ..where z x s z u x , ¨ x , w x s u x , ¨ x .0 0 0 0 0 0
From now on, we assume the initial and boundary data satisfy the
following two conditions.
 .A There are finite disjoint intervals I on the x axis, such that1 i
q  .  .  . 0 . 0 q.R s D I or R s D I . w x , z x , and s x g C R or C B , wherei i i i 0 0 b b
C 0 contains the functions which are bounded and with compact support.b
 .  .  . 1 . 1  .  .w x , z x , and s x g C I for all i. The C norms of w x , z x ,0 0 i 0 0
 .and s x in I are uniformly bounded with respect to i.i
 .A Let2
d s inf w x , w x y sup z x ) 0, 4 .  .  .0 1 0
x x
sup w x , w x y inf z x F M - `, 4 .  .  .0 1 0
xx
` d
<V s s N dx - .H x A M q d .y`
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 .  .Under conditions A and A , we have the following estimates for the1 2
 .  .piecewise smooth solutions of 2.6 and 2.7 . For simplicity, we state the
 .  .following lemma only for the Cauchy problem 2.6 and 2.7a .
  .  ..LEMMA 2.1. Let z x, t , w x, t be a solution of the Cauchy problem
 .  .   .  .. 0 w ..   .2.6 and 2.7a such that, z x, t , w x, t g C R = 0, ` and z x, t ,
 .. 1 w ..  .  .w x, t g C I = 0, ` for all i. If the initial data 2.7a satisfy A andi 1
 .A , then we ha¨e2
d y M q d AV M .
0 - F w y z x , t F . 2.8 .  .  .
1 y AV 1 y AV
 . w .Proof. For any point x, t g R = 0, ` , we let G be the ith character-i
 .  0 .istics passing through x, t and x , 0 be the intersection point of G andi i
 .the x-axis, i s 1, 2. Integrating 2.7 along G , i s 1, 2, yieldsi
z x , t s z x 0 q A s9 w y z dx , 2.9 .  .  . . H0 1
G1
w x , t s w x 0 q A s) w y z dx. 2.10 .  .  . . H0 2
G2
 .  .Substracting 2.9 from 2.10 , we have
w y z x , t .  .
s w x 0 y z x 0 q A s) w y z dx y s9 w y z dx . 2.11 .  .  . .  . H H0 2 0 1  /G G2 1
 .  .By 2.11 and A , we get2
w y z x , t F M q A sup w y z N s9 N dx q N s) N dx .  .  . H H /G G1 2
x01s M q A sup w y z N s N dx .H x
0x2
s M q AV sup w y z . .
 .Since x, t is arbitrary, we have
M
sup w y z F . .
1 y AV
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 .  .Also by 2.11 and A , we have2
x01inf w y z G d y A sup w y z N s N dx .  .H x
0x2
d y A M q d V .
G .
1 y AV
 .Hence 2.8 follows.
 .  .Remark 2.1. Relations 2.6 and 2.8 imply that the piecewise smooth
  .  ..  . w .solution z x, t , w x, t is bounded for any x, t g R = 0, ` . The same
 .  .estimate is also true for initial boundary value problem 2.6 and 2.7b .
  .  ..The bound on the derivatives of z x, t , w x, t will be discussed in the
next section.
3. EXISTENCE OF SMOOTH AND PIECEWISE SMOOTH
SOLUTIONS
In this section, we will prove some existence theorems for the Cauchy
 .problem and the initial boundary value problem of 2.1 . By Lemma 2.1,
the existence of piecewise smooth solutions can be proved if local exis-
tence and a uniform bound on the derivatives are established. Firstly, we
  .  ..will write down the equations for the derivatives of w x, t , z x, t . Since
 .2r gq1sy1r2kg exp y m .  /2C
 .2r gy1g y 1 sy1r2y1s ¨ s kg exp y F , .  / /2 2C
and
w y z
F s ,
2
we have
a
g y 1 1 y a a .1ya r2
m s kg exp s w y z , 3.1 .  .  . /  /4 2C
 .  .where a s g q 1 r g y 1 . For simplicity, we let
a1 g y 1 1 y a a .1ya r2
b s kg exp s , m s 2b 2F . 3.2 .  .  . /  /2 4 2C
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 .Differentiating 2.6 with respect to t and setting Z s z , W s yw ,t t
 .using 3.1 yields
a a
2Z9 s Z y W q Am s Z y Am s W ,x x /2F 2F
3.3 .
a a
2W ) s y W y Z q Am s W q Am s Z.x x /2F 2F
yf yf  .  .  .  .Now we let P s Ze and Q s We . By 3.1 , 3.2 , and 2.6 , 3.3 is
transformed into
P9 s yaP 2 q 2bP q c q d9,
3.4 .
Q) s yaQ2 y 2bQ q c y d),
 .ar2y1  .  .a 2 2 where a s a 2F ) 0, b s a y 1 Ab 2F s , c s 4 A b 1 y ax
.  .. .3r2.aq1 2  2  .. .3r2.aq1y 1 r2 AC a q 2 2F s q 4 Ab r a q 2 2F s , andx x x
  .. .ar2q1d s 2 Abr a q 2 2F s .x
Remark 3.1. The corresponding results when s ' 0 can be obtainedx
 . w xdirectly from 3.4 , cf. 2, 6 , etc.
 .By introducing R s P y d and T s Q q d, 3.4 can be rewritten as
R9 s yaR2 q 2 b y ad R q yad2 q 2bd q c , .  .
3.5 .
T ) s yaT 2 y 2 b y ad T q yad2 q 2bd q c . .  .
Here we will prove a lemma which will be used later.
LEMMA 3.1. Consider the following ordinary differential equation
y9 t s yf t y t y y t y t y y t , .  .  .  .  .  . .  .q y
3.6 .
y 0 s y , . 0
 .  . w .  .  . y .where f t , y t g C 0, q` , and f t ) 0, y t are bounded. If y t -" "
 .  .  .0 - y t and y G 0, then the continuous solution y t of 3.6 satisfiesq 0
0 F y t F y , t G 0, 3.7 .  .
  .4where y s max y , sup y t .0 t ) 0 q
Proof. The lemma can be proved by contradiction. If the a priori
 .estimate 3.7 fails, then there exists a time t ) 0, such that
y t - 0, or y t ) y. 3.8 .  .  .
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 .  .If y t - 0, since y 0 G 0, then there exists a 0 - d F t such that
y t - 0, t y d - t F t , 3.9 .  .
and
y t y d s 0. 3.10 .  .
 .  .  .  .  .Combining 3.10 and 3.6 , since f t ) 0 and y t y t - 0, we haveq y
y9 t y d ) 0. 3.11 .  .
 .  .  .Hence 3.10 and 3.11 contradict 3.9 .
 .If y t ) y, then there exists a 0 - d F t , such that
y t ) y , t y d - t F t , 3.12 .  .
and
y t y d s y. 3.13 .  .
 .  .  .Similarly, both 3.6 and 3.12 imply y9 t y d - 0, which contradicts
 .  .3.12 . Therefore 3.7 holds.
Now, we will first prove existence of the globally smooth solutions for
 .  .  .the initial boundary value problem 2.6 and 2.7b . Since R x, t s
yf  .  . yf  .me z q Am w y z s y d and T x, t s me w y Am w y z s q d,x x x x
 .  . .  .then R x, 0 s R x and T x, 0 s T x are well defined. We denote0  0
 .  yf  .  . .  .T 0, t s e drdt w t q d N s T t . For the initial and boundary1 xs0 1
 .condition 2.7b , we assume the following conditions hold.
 . 2w . 2 w . A s g C 0, ` , ys q gs ) 0 for all x g 0, ` , where g s 3g y3 x x x
.1 C.
 .A Let4
wR x , T x g C 0, ` , and R x , T x G 0, .  .  .  ..0 0 0 0
wT t g C 0, ` , and T t G 0, .  ..1 1
T 0 s T 0 . .  .1 0
 .Remark 3.2. Since system 2.6 is a strictly hyperbolic, local existence of
1  .  .C solutions under conditions A ] A can be established by the interac-1 4
w xtion method and fixed point theorem, cf. 8 .
The following lemma gives the a priori estimate of the derivatives for the
1  .  .C solutions of 2.6 and 2.7b .
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 .  . 1LEMMA 3.2. If conditions A ] A hold, then any C solution of the1 4
 .  .problem 2.6 and 2.7b has the following a priori estimate,
0 F R x , t , T x , t F M - `, x G 0, t G 0, 3.14 .  .  .1
   .  .4   .4where M s max sup R x , T x , sup R x , t ,1 x ) 0 0 0 t ) 0, x G 0 "
1 2’ .4  . w . xsup T t , and R x, t s y ad y b " b q ac , a, b, and c aret G 0 1 " 2
 .defined in 3.4 .
 .   ..2  2Proof. Consider the system 3.5 , D s "2 b y ad q 4a yad q
.  2 .  .2bd q c s 4 b q ac . By A we have3
2 a2 2D s 4 A b 2F .
=
a y 1 4a2 2a y 1 q 4a 1 y s q s . x x x 5 / /2 AC a q 2 A a q 2 .  .
4a g q 1 .2 a 22 2G A b 2F a y 1 q ) 0. .  . /a q 2
 .Then we can rewrite 3.5 as
R9 s ya R y R R y R , .  .q y
3.15 .
T ) s ya T y T T y T , .  .q y
" 2’ . . .  . .where R s y 1ra ad y b " b q ac and T s y 1ra b y ad"
2’ ." b q ac . By straight calculation, we have
16g 3g y 1 CA2b 2 1 .  .3r2 aq1 2R R s T T s 2F s y s . 3.16 .  .q y q y x x x2  /gg y 1 a q 2 .  .
 .Using A again yields R R s T T - 0. By Lemma 2.1 and conditions3 q y q y
 .  .A and A , the functions R and T are uniformly bounded. There-1 2 " "
 .fore Lemma 3.1 gives the a priori estimate 3.14 .
Combining Lemma 2.1, Lemma 3.2, and the local existence theorem, we
have proved the following global existence theorem.
 .THEOREM 3.3. If the initial and boundary data 2.7b satisfy the condi-
 .  . 1tions A ] A , then there exists a unique global C solution for the initial1 4
 .  .boundary ¨alue problem 2.6 and 2.7b .
 . w .Remark 3.3. There exist bounded functions s x on 0, ` satisfying the
 .  . yx r gcondition A . For example, s x s ge , x G 0. But there is no bounded3
 . 2  .function s x satisfying ys q gs ) 0 in y`, ` .x x x
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Similar to Theorem 3.3, we can also obtain an existence theorem of a
global C1 solution to the following initial boundary value problem, that is,
 .the system 2.7 with the initial and boundary condition data
z x , 0 s z x , w x , 0 s w x , x F x F x , .  .  .  .0 0 1 2
3.17 .
z x , t s z t , w x , t s w t , t G 0. .  .  .  .2 1 1 1
 .THEOREM 3.4. If the initial and boundary data 3.17 satisfy the corre-
 .  .sponding conditions of A and A , and1 2
2 w x 2s g C x , x , ys q gs ) 0 for x F x F x ,1 2 x x x 1 2
w xR x , T x g C x , x , R x , T x G 0, .  .  .  .0 0 1 2 0 0
w xT t , R t g C 0, ` , T t , R t G 0, .  .  .  .1 1 1 1
R 0 s R 0 , T 0 s T 0 , .  .  .  .0 1 0 1
then there exists a unique global C1 solution of the initial boundary ¨alue
 .  .problem 2.7 and 3.17 .
 . 2 .Since there is no bounded smooth function s x g C y`, q` satisfy-
2  .ing ys q gs ) 0 and s x k constant, then the results obtained abovex x x
 .will not be extended to the Cauchy problem of 2.7 . In order to study the
 .Cauchy problem of 2.7 , we are going to discuss the existence of globally
weakly smooth solutions. That is, we will study the solutions which are
 .continuous and piecewise smooth. In order that s x is bounded and
 .  .satisfies some similar inequalities as in A , we assume s x and the3
magnitude of the solution satisfies the following conditions. As shown in
 .Lemma 2.1, the magnitude of the solutions has the a priori estimate 2.8
 .  .under conditions A and A .1 2
 .  .A There exists a finite positive integer N, such that s x g5
0 .  . 2 .C y`, ` and s x g C x , x for all i, where x s y` - x - x -b i iq1 0 1 2
N  .??? - x - x s `. s and s are bounded in D x , x , andN Nq1 x x x is0 i iq1
 .  .s x y 0 y s x q 0 ) 0.x i x i
 .A Let6
ys2 q gsx x x
ai¡ , as x - x - x , i s 1, 2, . . . , N ,i iq12q« i1 q b x y x .i i~G ai
, as x - x ,12q« 1¢ 1 y b x y x .1 1
3.18 .
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where « is any positive constant, i s 1, 2, . . . , N, a and b are constantsi i i
satisfying
Ii
a G m*I q 1 q « b , b ) 0, i s 1, 2, . . . , N , 3.19 .  . .i i i i in#
 .   .. .ar2q1 Bs  .  .where f x, t s 2 Abr a q 2 2F e , f * x s sup f x , t , Bi t G 0 i
 . .  ..s a q 1 a y 2 r a q 2 A,
i
I s f * x s x y 0 y s x q 0 , .  .  . .i j x j x j
js1
 4I s max I y I , I ,i N i i
 .   .  .2 . 2  .ar2q1 Bs  .n x, t s 4 a q 1 r a q 2 A b 2F e , n# s inf n x, t ,t G 0, x g R
 .  . .y a r2.y1 Bs  .m x, t s ar2b 2F e , m# s inf m x, t and i st G 0, x g R
1, 2, . . . , N.
 .Remark 3.4. There exist uniformly bounded functions s x satisfying
 .  .3.18 and 3.19 , for example,
h¡ i
s q ,«iy1 ib « 1 q b x y x . .i i i i~ as x - x - x , i s 1, 2, . . . , N ,s x s . i iq1
h1
s q , as x - x ,«0 11¢ b « 1 y b x y x . .1 1 1 1
where
1 2 2 2’0 - 1 q « b g y 1 q « b g y 4a - h .  . 5i i i i i i2
1 2 2 2’- 1 q « b g q 1 q « b g y 4a , .  . 5i i i i i2
21 q « 1 q « I m* .  .i i i2 2 2g b y b y I ) 0,i i i4 n# n#
 .2 . 2 2   ..« i0 - a - 1 q « r4 b g , b ) 0, s s s q h rb « 1 q b x y xi i i i iy1 i i i i iq1 i
y h rb « , and s is an arbitrary constant, i s 1, 2, . . . , N y 1. Theiq1 iq1 iq1 0
 .  .   .conditions 3.18 and 3.19 are used to control the jump of R x, t ,
 ..   .  ..T x, t crossing x s x , i s 1, 2, . . . , N, to keep R x, t , T x, t beingi
nonnegative.
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Bs Bs .  .Consider the Cauchy problem 2.6 and 2.7a . Let R s e R, T s e T ,
 . 2  .S x s ys q gs , then 3.5 can be written asx x x
2R9 s ymmR q nmS x , .
3.20 .
2T ) s ymmT q nmS x . .
 .  .  .  .If we denote R s R y 1rm R , T s yT y 1rm T , under the1 x t 2 x t
 .  .condition A , 3.20 becomes6
2 2R s mR y nS x F m*R y n#S x , .  .  .1
3.21 .
2 2T s mT y nS x F m*T y n#S x . .  .  .2
Now we state a comparison theorem. The proof is straightforward and
we omit it.
 .  .LEMMA 3.5. Suppose y x , y x are continuous solutions of the following
systems respecti¨ ely
y9 F f x , y , y x s y .  .0 0
y9 G g x , y , y x s y . .  .0 0
 .  .  .  .If the functions f x, y and g x, y are continuous, f x, y F g x, y for
w x w x  .  .x g x , x and y F y , then for all x g x , x , y x F y x .0 1 0 0 0 1
 .An immediate consequence of Lemma 3.5 and 3.21 is the following
lemma.
  .  ..  .LEMMA 3.6. Let R x, t , T x, t be a continuous solution of 3.21 with
  .  ..   .  ..initial data R 0, t , T 0, t , and R# x, t , T# x, t is a continuous func-
  .  ..tion satisfying the following system with initial data R# 0, t , T# 0, t ,
R# G m*R#2 y n#S x , .  .1
3.22 .
T# G m*T#2 y n#S x . .  .2
If
R# 0, t G R 0, t , T# 0, t G T 0, t , .  .  .  .
then we ha¨e
R# x , t G R x , t , x ) 0, .  .
T# x , t G T x , t , x - 0. .  .
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Now we are going to prove an existence theorem of globally continuous
 .  .and piecewise smooth solutions to the Cauchy problem 2.6 and 2.7a .
 .  .  .  .THEOREM 3.7. Under the conditions A , A , A , and A , if the1 2 5 6
following conditions on the initial data also hold,
` ) M G R x , T x .  .3 0 0
yB s¡ I ei
, x - x - x , i q 1, 2, . . . , N ,i iq11q« i1 q b x y x . .i i~G 3.23 .yB sI ei
, x - x ,11q« 1¢ 1 y b x y x . .i 1
Z x , W x g C 0 R , 3.24 .  .  .  . .0 0
where
yar2 XR x s w x y z x m x z x q A w x y z x s .  .  .  .  .  .  . .  . .0 0 0 0 0 0 0 x
2 Ab ar2q1y w x y z x s , .  . .0 0 xa q 2
yar2 XT x s w x y z x m x w x y A w x y z x s .  .  .  .  .  .  . .  . .0 0 0 0 0 0 0 x
2 Ab ar2q1q w x y z x s , .  . .0 0 xa q 2
Z x s m x zX x q A w x y z x s , .  .  .  .  . . .0 0 0 0 0 x
W x s m x wX x y A w x y z x s , .  .  .  .  . . .0 0 0 0 0 x
and
m x s m x , 0 .  .0
a
g y 1 1 y a . a .1ya r2s kg exp s w x y z x . .  .  . .0 0 /4 2C
Then there exists a globally continuous and piecewise smooth solution to the
 .  .Cauchy problem 2.6 and 2.7a . Moreo¨er, the smooth solution satisfies the
estimate
0 F R x , t , T x , t F M , x / x , i s 1, 2, . . . , N , 3.25 .  .  .i
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where
2 Abyar2 ar2q1R x , t s w y z m z q A w y z s y w y z s , .  .  .  . .x x xa q 2
2 Abyar2 ar2q1T x , t s w y z m w y A w y z s q w y z s , .  .  .  . .x x xa q 2
 4M s max M , M ,3 2
and
M s sup N R x , t N s sup N T x , t N . 4  4 .  .2 " "
t)0, x/x , is1, 2, . . . , N t)0, x/x , is1, 2, . . . , Ni i
 .  .  .  .  .  .Under the conditions A , A , A , A , 3.23 , and 3.24 , the local1 2 5 6
existence of a piecewise smooth solution can be proved standardly by using
the interation method and fixed point theorem. Therefore we won't give
w xdetails of the proof for the brevity of the paper, cf. 8 . Also for simplicity,
we are going to prove Theorem 3.7 only for the case when N s 1 and
denote I by I. For the general case, an analogous argument can be1
applied. Without loss of generality, we assume x s 0. Before proving1
  .  ..Theorem 3.7, we choose a particular function R# x, t , T# x, t satisfy-
 .ing 3.22 .
 .w  . x  . LEMMA 3.8. If a G Irn# m*I q 1 q « b , S x G a r 1 q1 1 1 1
.2q« 1  .  .1q« 1b x , x G 0, then R# x, t s Ir 1 q b x , x G 0, t G 0 satisfies1 1
R# G m*R#2 y n#S x , x ) 0, .  .1
3.26 .R# 0, t s I , t ) 0. .
 .  .1q« 1T# x, t s Ir 1 y b x , x F 0, t G 0 satisfies1
T# G m*T#2 y n#S x , x - 0, .  .2
3.27 .T# 0, t s I , t ) 0. .
The proof of this lemma is based on straight calculation, and we omit it.
 .  .  .  .Proof of Theorem 3.7. First, we will prove 3.25 . By 3.18 , 3.19 , 3.28 ,
and Lemma 3.8 we have
I
R x , 0 G s R# x , 0 , x ) 0. .  .1q« 11 q b x .1
Thus by Lemma 3.6, we have
q qR 0 , t G R# 0 , t s I , ; t G 0. 3.28 .  .  .
NONISENTROPIC GAS DYNAMICS EQUATIONS 505
 .Following the proof of Lemma 3.1 and the condition A , we have the1
 . 4following estimate for the solution in the region x, t N x ) 0, t G 0 , that
is,
 40 F R x , t F max M , M , x ) 0, t G 0. 3.29 .  .2 3
 .  . 4In order to estimate R x, t in the region x, t N x - 0, t G 0 , we
 .consider the jump of R x, t across the line x s 0 first. Since
  .  ..Z x, t , W x, t is continuous due to the continuity of the initial data
  .  ..  .  .Z x , W x , the jump of R x, t only comes from the jump of s x0 0 x
 .  .across x s 0. By 3.19 and A we have5
q y Bs0. q Bs0. yR 0 , t y R 0 , t s e R 0 , t y e R 0 , t .  .  .  .
s e Bs0. P 0q, t y P 0y, t q d 0y, t y d 0q, t 4 .  .  .  .
s e Bs0. d 0y, t y d 0q, t .  . .
s f 0, t s 0y y s 0q .  .  . .x x
F f * 0 s 0y y s 0q . .  .  . .x x
Thus
y yBs0. y yBs0. qR 0 , t s e R 0 , t G e R 0 , t y I .  .  . .
G 0, t ) 0, 3.30 .
 .here we use 3.28 . Since
R 0y, t s R 0q, t q f 0, t s 0q y s 0y , .  .  .  .  . .x x
 .  .using A and 3.29 , we have5
y  4R 0 , t F max M , M , t ) 0. 3.31 .  .2 3
 .  .  .  .By conditions 3.23 , 3.24 , 3.30 , and 3.31 , we can apply Lemma 3.2 to
 . 4the region x, t N x - 0, t G 0 and obtain
 40 F R x , t , T x , t F max M , M , x - 0, t G 0. 3.32 .  .  .2 3
Similarly, we can prove
 40 F R x , t , T x , t F max M , M , x ) 0, t G 0. 3.33 .  .  .2 3
 .  .  .Combining 3.23 and 3.33 yields the a priori estimate 3.25 .
 .  .Now by the a priori estimate 2.8 and 3.25 and the local existence
result, we have proved the existence of Theorem 3.7.
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